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The problem of convective diffusion toa reacting rigidsphere wassolved earlier
in [1] for small values of Péclet and Reynolds numbers and finite reaction
velocities, using the method of matched asymptotic expansions. In the pre-
sent paper the problem of diffusion to a rigid sphere in a Stokes flow at finite
velocities of the first order chemical reaction at the sphere surface is solved
for large values of the Péclet number. The method of solution is similar to
that used in [2] in the problem of convective diffusion to a reacting flatplate
in a longitudinal flow of a viscous fluid.

We consider a convective diffusion of material to a rigid sphere in a Stokes flow
of a viscous incompressible fluid the speed of which, away from the sphere is U/ . We
assume that the Péclet numbers P = al/ / D (where & is the radius of the sphere
and D is the diffusion coefficient of the material in the flow ) are large. A first
order chemical reaction with the velocity constant £ takes place at the surface of
the sphere. The process of convective diffusion at large: Péclet numbers is described
by the boundary layer diffusion equation which in the spherical | (7, 8) -coordinate
system with the origin at the center of the sphere and the polar axis pointing in the
direction opposite to the direction of flow at infinity, has the form

dc vy 0dc 92
N s @

Here ¥, and vy are the radial and angular velocity components in the spherical
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coordinate system. Equation (1) has the following boundary conditions :
—00, C=°

r ) . 0 )
r = a, D ar = ke
r=a, 0=0, ¢c=1¢

where ¢, is the reagent concentration at a distance from the sphere. The last con -

dition of (2) represents an additional condition that the flow is not depleted at the

stagnation point,

The stream function in the diffusive boundary layer can be written for small
Y = r — a) in the form

P~ — %Uy”sine

___1 o __1 oy
(ve" rsind oy ’ vr—rﬁsinﬁﬁ)

Let us introduce the variables

0
— 37 3
=) —% t= Sl_)a2 1/43[] sin?6d0 —
6
V33U sin 20
Da? —g— (9 T3 )
In the (@, E) variables the problem (1), (2) assumes the form
dc 1 9%
TE-=TW’ q)-—)OO, ¢ =0y (4)

0=0, DI®L—k (1®=LTsine)
=0, £E=0, c=¢,

where the function { (E) is obtained by inverting the transformation (3) for E.

The solution of (4) is similar to the solution given in [2] of the problem of convective
diffusion to a reacting flat plate in a longitudinal flow of a viscous fluid and is given in
the appendix. From the second boundary condition in (4) and the appendix it follows
that the diffusive flux to the surface of the sphere is given by the expression

j € 0)=7j(6,0)= Ton (, / y Sexp( Yt's) e~tt-"sdt ©)

where .
_ 3'hy ®/s) E.‘ ' . (0 —1/33in20) /s (6)
2DL () sin 0
. 3‘/-1‘ V/s) ka'/s
= 2D"hT (o))

The expression ( 5) for the differential flux can be written in the form of a series in
¥ which converges for any value of Y [2]

16.0)= l*l(c:/o>{2(_1) r(*%

n=0

O

)"r"+
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1 442N
(V1) P( 3 )TNHSNﬂ} y Sy =0(1)

However, the above series converges extremely slowly even at Y 2 1, therefore it is
impractical touse (7) unless V- issmall. For large ¥ we follow [2] and make the
substitution Yt”s = u  to obtain the expression for the differential flux in the form

/0.0 = 35 iy Joro [ () .

after which we expand the integrand into a series in powers of Y~. This yields the
expression for the differential flux in the form

, 3Dy gin @ > (—1)"n/2+3 : 9
8, 0) = n ~3m ( )
©.0) T (15} a"*(8 — 1/) siu 26)"/* {nwo nl T ( 2 ) T
1 543N\,
o T (5 TR} R = 0 (1)

The results obtained indicate that near the leading critical point the chemical reaction
is the rate limiting step of the process of mass exchange irrespective of the value of the
reaction velocity constant, while near the trailing critical point it is the convective
diffusion of the material fo tlie surface of the sphere that determinesthe rate of the process,
In the intermediate region we have a mixed mode, and the expansions obtained above
allow for this. The area of the surface of the sphere working in the diffusion mode in-
creases with increasing reaction velocity constant. When % — oo (y —>»o0) the
whole surface of the sphere enters the diffusion mode and the expression (9) becomes
identical to that obtained in [2] for the limiting diffusive flux to a sphere When

k —0 the whole surface of the sphere is in the kinetic mode and -/ (6, 0) = ke,

Let us now determine the total flux 7 to the surface of the sphere, The mean

Sherwood number Sh = [/ (4maDc,) can be expressed, as follows from (5) and (8),
by either of the following two integrals :

1 o on
e 1/g — 231 o —tetfy 10
h 3T (1/3) ep OS {§ exp[— 7(6) ') smﬂde} e-tt-hdt (10

3% Te sin O 11
Sh = TS (1/3) S{S “3,sm 29),/‘ X (11)

exp { < 'rTB)) h ] sin Bde} e“du

Fig. 1 depicts the dependence of the Sherwood number on the parameter € obtained
by numerical computation of the integrals (10) and (11). Here Sh, = [3%n% /
(81" (1/5))]P*s  is the Sherwood number for the limiting flux to the sphere which
was calculated in [2] .
At the high reaction velocities, i.e. atlarge values of the parameter g, the
total flux can be represented in the form of a series in powers of g=% To do this, we
use the integral (11) expanding its exponent into a series in powers of &1,
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The resulting series appearing in the inner integral of (11) converges uniformly in 0
and can be integrated with respect to 8 term by term Performing term by term inte -

gration in the outer integral of (11) as well, we obtain the series
(-]

g . 12
_.;.P/a28- /a‘an ( )
n=g

n

In= 7}!' T (2 > 3n) § [(e = I/S: :ii 2@)’/*]wm sin 64

It can easily be shown that the series (12) converges to the integral (11). We can also
obtain the following estimates for the residue term Q@ n+1 of the series J, +
Jy + .., inthe form

T {5/, LN
| Quan | < ertheren LCE D)

The problem thus reduces to calculating the integrals Jn-  The results obtained
can be conveniently represented in the form of an expansion of the mean Sherwood
number in terms of the parameter g-%s, Computing six integrals J, yields the
following expansion :

Sh = Shy (1 — 1.4135e~*: 4 2.415¢™% —
1.167e~"~ + 24.87e7 — 205.4e~" +

g1, 4 (10
g0 3-(6!)T°)’ Te<l1

(13)

Fig, 1 shows with a dashed line the dependence (13) of the Sherwood number on the par-
ameter & for large values of the latter. We note that a certain lack of agreement
between the results obtained by computing the series (13) and those obtained using the
integrals (10) and (11), is due to the slow convergence of (13) . When g issmall,
the integral (10) cannot be expanded in terms of €+ Mathematically, this is connected
with the presence of a singularity near the point % in the integrand of the inner inte-
gral in (10) . The singularity has the formexp {—eB / (x — 0)}(n — B)and it causes
a nonuniform convergence of the series obtained by expanding the exponent. From the
physical point of view this is connected with the fact that at small reaction velocities
(small € ) a region in the neighborhood of the point 6 == g still exists which is in
the diffusion mode and in which ¥ (8) can assume arbitrarily large values. It can
easily be shown that in this case the region of small ¥ (an almost kinetic mode ) and
of targe ¥ (an almost diffusion mode ) make contributions of the same order O (g)
towards the total flux, in contrast to the case of large £ when the contribution of the
kinetic region to the total flux is vanishingly small.

We can estimate the region on the surface of the sphere corresponding to the tran-
sition from the Kinetic to the diffusion mode using the relation ¥ (6*) = O (1). The
shaded region of angles 8* in Fig, 1 corresponds to the mixed kinetics, / denotes
the kinetic region and /7 denotes the diffusion region.

The results obtained above enable us to estimate the effective thickness of the
diffusive boundary layer 6 = D (¢y — Cp=a) / Jr=q for various values of &. Using
the expansions (7) and (9) and the second boundary condition of (2), we can show that
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8 = 1.08P-"!s (0 — 1/, sin 20)%s /sin 8, & — oo
& = 0.78P-» (8 — 1/, sin 20)"* /sin B, & — 0

The first of the above formulas coincides with one obtained in [2] for the thickness of
the diffusive boundary layer in the case of a limiting flux. We can see that in the case
of a kinetic mode the boundary layer is thinner than that in the diffusion mode.
Numerical computations of the integrals {5) and (8) show that in the intermediate
range of values of € the boundary layer thickness increases with increasing €.

05 /
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5 /
2y po
Shy / P
I Py
H g
VAl
{ 2 r
0.75 / el 2
] L J”
v //4
: J V///
05 7 0.5/ _/
o '/
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A7/ pad
% 0.2 7
0.25 A ,/:,/// e /
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1
¢ p
04 A R 7 077 f 0 ik
Fig. 1 Fig. 2

It will be interesting to compare the above results with those obtained in [1] for
small Péclet numbers. In Fig, 2 solid lines depict the dependence of the Sherwood
number on the Péclet number for small {in accordance with [1], this is a narticular
case of a Stokes flow) and 1arge values of the latter for various values of the dimensionless

reaction velocity constant & = ka / D = [2T (¥/5) / (3":T' (/5))] Plse. Curvesl
correspondto &’ = 0.1, 2— k' =1, 3 — k' — 10, 4 —k’ —oco. Fig. 2presents
the possibility of interpolating for the intermediate values of the Péclet number and
for any chemical reaction velocities. Examples of interpolation are shown in Fig. 2 by
dashed lines.

Appendix. Below we give the solution of the problem (4). Substitution

2= ¢ c@ B =1:"5@E2

reduces the Eq. (4) to the form which allows the application of the Setton’s method
which is analogous to the Goursat method of solving the problems in the theory of
heat conduction (see e. g. [2]
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FiEAY AN 1 a8
Bt T m TS =% (A1)

Equation ( A1) admits the solutions [2]

k ,lzl]g 2 a
Xj_ 2(&:’ v A, p) = 5 m——_0XP 2 4 )\ Az
= - ]
Ep, 220, Ty =0 e) [ 4 9)} [2‘(5_9;]

which are fundamental in the sense that any given boundary conditions can be satisfied
by choosing a suitable contour L in the (A, p) -plane and constructing the function

o (& 2) = (4100 )%+ A2 (s )21 [P (b, YD+ Q Ay 0) ]
L

Here the functions 41, 4, P, and @ must also be chosen in a prescribed manner
with the boundary conditions taken into account. Following {2], we choose as the con-
tour of integration the straight line p = 0 in the half-plane A > 0 and set

A4; MO PR, 0) =Ml ), i=1,2

The functions fi and f, are assumed continuous and bounded in the interval (0, o0).
Then

c(gx z) =G (gv z)+ Cy (Ea z) (A2)
1‘ (M?v 224 A2 Az
S exp (“ 73 )’ (2&:)
0
21, j:l/s, ;’__2 ]‘::.._...1}/'3

and the problem is reduced to choosing the functions /i1 and f;.  The system of
boundary conditions written in the variables § and z, has the form

3\ R ) .
5 ) D) lim {28 —5— )——*k lim ¢ (€, 2) (A3)
z—>+0 z z-s+0
lime(g, g)=cp lm (g, 2)=¢,
z7—vc0 z=+0

Using the boundary conditions (A3) and the properties of the expansion (A2) obtained
in [3 1(and quoted in [2] for the problem of convective diffusion to a flat plate), we obtain
fa M) = co — ff (M)

31 u —— k — .
F—(TE)DQ(E)E“*’(S 1h@Vip)e pd”“'f‘“(z“/;)(g [ey— 112 VB e 1o (A5)

(A4)

o o0

Changing the variables
=1t E=1/u HECVDH=8(@®
we can reduce ( A5) to the form
—ut gy . —ut -t 3D 2) ~
n(u)sp&(t)e dt S B (1)) e =12 g1 "(”)—W§<u>“ s
Function B (z) can now be found from the equation

n(wp (&) =1lec—Pp @
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the initial condition for which can be written in the form f§ (0) = 0. Solving this
equation, we obtain the following expression for the function f, (t):

I )= (—t.:‘) = [1 —exp (“ %)]

and from this it follows that

¢ T3
1j 13 - L S [__ - ’ls] ~p,-s A
s mloc(,, z) = F(Z/”)O exp 7 (Ep)'®| e p” *dp (A6)

The result (A6)-obtained together with the first boundary condition of (A3),. enables us
to determine the diffusive flux on the surface of the sphere which is equal, with acc -
ordance with the second boundary condition of (2), to & limz—~to0 ¢ (€, 2), and this
leads to formula (5).

The author thanks Iu, P. Gupalo and Iu. S. Riazantsev for unceasing interest and
valuable discussions.
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DIFFRACTION OF A SPHERICAL ELASTIC WAVE BY A WEDGE
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A three-dimensional nonstationary problem of spherical elastic wave diff -
raction by a smooth solid wedge with arbitrary apex angle is considered. An
exact solution in the form of a sum of two terms, the known acoustic sol-
ution and an additional part describing the influence of elasticity, and caused
by the appearance of additional longitudinal and transverse diffraction waves,
is obtained by the method of integral transforms with extraction of the sing -
ularities in the neighborhood of an edge. This latter term essentially distin-
guishes the elastic from the acoustic solution. The particular case of an
incident wave with a jump in the stresses at the front is investigated in detail.
The corresponding acoustic problem has been examined in [1-4] , where
the solution in elementary functions was first obtained in [2]. Only the sol-
ution for the plane wave diffraction problem [5] is known for a wedge in the



